
X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2+im`2 Ry, *Q}#`�iBQM



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
� K�T B : �→ s Bb b�B/ iQ ?�p2 i?2 ?QKQiQTv 2ti2MbBQM T`QT2`iv
U>1SV rBi? `2bT2+i iQ u B7 7Q` �Mv K�T 7 : s→ u �M/ �Mv
?QKQiQTv 6 : �× A→ u r?2`2 6(−, 0) = 7 ◦ B- i?2`2 2tBbib �
?QKQiQTv 6̄ : s× A→ u bm+? i?�i

6̄(B(�), i) = 6(�, i), 6(t, 0) = 7(t), ∀� ∈ �, t ∈ s, i ∈ A.

� B !!

""

s

""
7

##✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷

�× A

6
$$❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘
!! s× A

6̄
❊

❊
❊

%%❊
❊

❊

u .



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
� K�T B : �→ s Bb +�HH2/ � +Q}#`�iBQM B7 Bi ?�b >1S 7Q` �Mv
bT�+2bX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 MQiBQM Q7 +Q}#`�iBQM Bb /m�H iQ i?�i Q7 i?2 }#`�iBQM, }#`�iBQM
Bb /2}M2/ #v i?2 >GS Q7 i?2 /B�;`�K

u 7 !!! "

""

1

T

""
u× A 6

!!

∃6̃

&&②
②

②
②

②
②

" .

A7 r2 `2p2`b2 i?2 �``Qrb �M/ Q#b2`p2 i?�i u× A Bb /m�H iQ i?2 T�i?
bT�+2 uA pB� i?2 �/DQBMiM2bb Q7 (−)× A �M/ (−)A- r2 �``Bp2 �i >1S

u s7''

∃6̃

((⑥
⑥
⑥
⑥
⑥
⑥

uA

T0

))

� .

B

))

6
''



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i 7 : �→ sX q2 /2}M2 Bib K�TTBM; +vHBM/2` J7 #v i?2 Tmb?@Qmi

�× {0}

7
""

# ! !! �× A

"" 7×1

**✹
✹✹

✹✹
✹✹

✹✹
✹✹

✹✹
✹✹

✹✹
✹✹

✹✹
✹

s× {0} $ %

$$❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙❙
❙❙

!! J7

D

++●
●●

●●
●●

●●
●●

●●

s× A .
�× {1}

s× {0}

,ࢶ h?2 K�TTBM; +vHBM/2` J7



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 K�TTBM; +vHBM/2` iQTQHQ;v UBX2X i?2 Tmb?@Qmi iQTQHQ;vV Q7 J7
b�vb i?�i � K�T ; : J7 → w Bb +QMiBMmQmb B7 �M/ QMHv B7 ; Bb
+QMiBMmQmb r?2M Bi Bb `2bi`B+i2/ iQ s× {0} �M/ iQ �× AX
h?2`2 Bb � M�im`�H K�T D : J7 → s× A BM/m+2/ #v

s× {0}→ s× A, 7× 1: �× A→ s× A.



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2KK�
h?2 >1S Q7 B : �→ s Bb 2[mBp�H2Mi iQ i?2 T`QT2`iv Q7 }HHBM; i?2
+QKKmi�iBp2 /B�;`�K

JB

""

!! u

s× A .
∃?

&&③
③

③
③

③
③



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i B : �→ s �M/ D : JB → s× A #2 /2}M2/ �b �#Qp2X h?2M B Bb �
+Q}#`�iBQM B7 �M/ QMHv i?2`2 2tBbib ` : s× A→ JB bm+? i?�i
` ◦ D = 1JB X



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i B : �→ s #2 � +Q}#`�iBQMX h?2M B Bb � ?QK2QKQ`T?BbK iQ Bib
BK�;2 UBX2X 2K#2//BM;VX A7 r2 rQ`F BM T - bQ �,s �`2 +QKT�+iHv
;2M2`�i2/ r2�F >�mb/Q`zX h?2M B ?�b +HQb2/ BK�;2 UBX2X +HQb2/
BM+HmbBQMVX

_2K�`F
� +Q}#`�iBQM Bb MQi +HQb2/ BM+HmbBQM BM ;2M2`�HX

�M 2t�KTH2 Bb s = {�, #} ?�pBM; irQ TQBMib rBi? i?2 i`BpB�H
iQTQHQ;v �M/ � = {�} Bb QM2 Q7 i?2 TQBMiX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7

*QMbB/2` i?2 7QHHQrBM; +QKKmi�iBp2 /B�;`�K

JB

D

""

1JB !! JB

s× A

`

,,③
③

③
③

③
③

.

h?Bb BKTHB2b i?�i JB Bb ?QK2QKQ`T?B+ iQ Bib BK�;2 D(JB)X *QMbB/2`

� !!

B
""

JB

D
""

s !! s× A .

aBM+2 �→ JB,JB → s× A,s→ s× A �`2 �HH 2K#2//BM;b- bQ Bb
B : �→ sX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

�bbmK2 MQr i?�i �,s ∈ T �`2 +QKT�+iHv ;2M2`�i2/ r2�F
>�mb/Q`zX h?2M i?2 BK�;2 Q7 D : JB → s× A Bb

D(JB) = (D ◦ `, 1)−1(∆s×A)

r?2`2 ∆s×A Bb i?2 /B�;QM�H- ?2M+2 +HQb2/ bm#bT�+2 Q7
(s× A)× (s× A)X h?2`27Q`2 D Bb � +HQb2/ BM+HmbBQMX aBM+2
�→ JB,s→ s× A �`2 �HbQ +HQb2/ BM+HmbBQM- bQ Bb B : �→ sX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i � #2 � +HQb2/ bm#bT�+2 Q7 sX h?2M i?2 BM+HmbBQM K�T B : � ⊂ s
Bb � +Q}#`�iBQM B7 �M/ QMHv B7 s× {0} ∪ �× A Bb � `2i`�+i Q7 s× AX

S`QQ7X
A7 B Bb +HQb2/- i?2M JB Bb ?QK2QKQ`T?B+ iQ i?2 bm#bT�+2
s× {0} ∪ �× A Q7 s× AX

_2K�`F
A7 � ⊂ s Bb MQi +HQb2/- i?2M i?2 K�TTBM; +vHBM/2` iQTQHQ;v 7Q` JB
�M/ i?2 bm#bT�+2 iQTQHQ;v 7Q` s× {0} ∪ �× A K�v MQi +QBM+B/2X



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
h?2 BM+HmbBQM aM−1 ↪→ .M Bb � +Q}#`�iBQMX

.M × {0}

aM−1 × A

,ࢶ .M × {0} ∪ aM−1 × A Bb � `2i`�+i Q7 .M × A



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i 7 : �→ s #2 �Mv K�TX h?2M i?2 +HQb2/ BM+HmbBQM

B1 : �→ J7, �→ (�, 1)

Bb � +Q}#`�iBQMX

s

�

J7

�× A

J7 × A

,ࢶ _2i`�+i Q7 J7 × A



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
h?2 BM+HmbBQM �→ �× A, �→ �× {0}- Bb � +Q}#`�iBQMX
AM 7�+i- r2 +�M pB2r Bi �b

�→ J1�

r?2`2 1� : �→ � Bb i?2 B/2MiBiv K�TX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i B : �→ s #2 � +Q}#`�iBQM- 7 : �→ " Bb � K�TX *QMbB/2` i?2
Tmb?@Qmi

�
B
""

7 !! "
D
""

s !! u .

h?2M D : "→ u Bb �HbQ � +Q}#`�iBQMX AM Qi?2` rQ`/b- i?2 Tmb?@Qmi
Q7 � +Q}#`�iBQM Bb � +Q}#`�iBQMX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i B : s→ u �M/ D : u→ w #2 +Q}#`�iBQMbX h?2M D ◦ B : s→ w Bb
�HbQ � +Q}#`�iBQMX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
A7 B : �→ s Bb � +Q}#`�iBQM �M/ � Bb +QMi`�+iB#H2- i?2M i?2
[mQiB2Mi K�T s→ s/� Bb � ?QKQiQTv 2[mBp�H2M+2X



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i � ⊂ s �M/ " ⊂ u #2 +HQb2/ BM+HmbBQMb r?B+? �`2 #Qi?
+Q}#`�iBQMbX h?2M i?2 BM+HmbBQM

s× " ∪ �× u ⊂ s× u

Bb �HbQ � +Q}#`�iBQMX �b � +QMb2[m2M+2- �× "→ s× u Bb �
+Q}#`�iBQMX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i 7 : �→ s #2 � K�TX *QMbB/2` i?2 /B�;`�K Q7 K�TTBM; +vHBM/2`

�
7
""

B0 !! �× A

""
s !! J7 .

h?2`2 Bb � M�im`�H +QKKmi�iBp2 /B�;`�K

�
B1
((⑦⑦
⑦⑦
⑦⑦
⑦⑦ 7

--❆
❆❆

❆❆
❆❆

❆

J7
` !! s .

>2`2 B1(�) = (�, 1), `(�, i) = 7(�), `(t, 0) = tX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
h?2 K�T ` : J7 → s Bb � ?QKQiQTv 2[mBp�H2M+2- �M/ B1 : �→ J7
Bb � +Q}#`�iBQMX AM T�`iB+mH�`- �Mv K�T 7 : �→ s Bb � +QKTQbBiBQM
Q7 � +Q}#`�iBQM rBi? � ?QKQiQTv 2[mBp�H2M+2X

h?Bb i?2Q`2K b�vb 2p2`v K�T Bb 2[mBp�H2Mi iQ � +Q}#`�iBQM BM i?2
?QKQiQTv +�i2;Q`vX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i B : �→ s, D : �→ u #2 +Q}#`�iBQMbX � K�T 7 : s→ u Bb +�HH2/
� +Q}#2` K�T B7 i?2 7QHHQrBM; /B�;`�K Bb +QKKmi�iBp2

�
B

..⑧⑧
⑧⑧
⑧⑧
⑧⑧ D

--❆
❆❆

❆❆
❆❆

❆

s 7 !! u .

� +Q}#2` ?QKQiQTv #2ir22M irQ +Q}#2` K�Tb 7, ; : s→ u Bb �
?QKQiQTv Q7 +Q}#2` K�Tb #2ir22M 7 �M/ ;X *Q}#2` ?QKQiQTv
2[mBp�H2M+2 Bb /2}M2/ bBKBH�`HvX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 7QHHQrBM; Bb i?2 +Q}#`�iBQM �M�HQ;m2 Q7 i?�i 7Q` }#`�iBQMbX

S`QTQbBiBQM
G2i B : �→ s, D : �→ u #2 +Q}#`�iBQMbX G2i 7 : s→ u #2 �
+Q}#2` K�TX �bbmK2 7 Bb � ?QKQiQTv 2[mBp�H2M+2X h?2M 7 Bb �
+Q}#2` ?QKQiQTv 2[mBp�H2M+2X



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

*Q}#2` 2t�+i b2[m2M+2



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

LQr r2 rQ`F rBi? i?2 +�i2;Q`v T ⋆ �M/ ?T ⋆X �HH K�Tb �M/
i2biBM; /B�;`�Kb �`2 `2[mB`2/ iQ #2 #�b2/X

.2}MBiBQM
� #�b2/ bT�+2 (s, t0) Bb +�HH2/ r2HH@TQBMi2/- B7 i?2 BM+HmbBQM Q7 i?2
#�b2 TQBMi t0 ∈ s Bb � +Q}#`�iBQM BM i?2 mM#�b2/ b2Mb2X



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i (s, t0) ∈ T ⋆X q2 /2}M2 Bib U`2/m+2/V +QM2 #v

*⋆s = s ∧ A = s× A/ (s× {0} ∪ t0 × A) .

s t0•



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
A7 s Bb r2HH@TQBMi2/- i?2M i?2 2K#2//BM; B1 : s→ *⋆s r?2`2
B1(t) = (t, 1) Bb � +Q}#`�iBQMX
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G2i 7 : (s, t0)→ (u, v0) ∈ T ⋆X q2 /2}M2 Bib U`2/m+2/V K�TTBM;
+vHBM/2` #v

J⋆7 = J7/{t0 × A}.

A7 (s, t0) Bb r2HH@TQBMi2/- i?2M i?2 [mQiB2Mi J7 → J⋆7 Bb �
?QKQiQTv 2[mBp�H2M+2X
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.2}MBiBQM
:Bp2M 7 : s→ u BM T ⋆- r2 /2}M2 Bib U`2/m+2/V ?QKQiQTv +Q}#2`
*⋆7 #v i?2 Tmb?@Qmi

s
7
""

B1 !! *⋆s

""
u D !! *⋆7

A7 s Bb r2HH@TQBMi2/- i?2M D : u→ *⋆7 Bb �HbQ � +Q}#`�iBQMX
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h?2 [mQiB2Mi Q7 *⋆7 #v u Bb T`2+Bb2Hv ΣsX q2 +�M 2ti2M/ i?2
�#Qp2 K�Tb #v

s !! u !! *⋆7 !! Σs !! Σu !! Σ*⋆7 !! Σ2s !! · · · .
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.2}MBiBQM
� b2[m2M+2 Q7 K�Tb BM ?T ⋆

· · ·→ sM+1 → sM → sM−1 → · · ·

Bb +�HH2/ +Q@2t�+i B7 7Q` �Mv u ∈ ?T ⋆- i?2 7QHHQrBM; b2[m2M+2 Q7
TQBMi2/ b2ib Bb 2t�+i

· · ·→ [sM−1,u]0 → [sM,u]0 → [sM+1,u]0 → · · ·



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K U*Q@2t�+i SmTT2 a2[m2M+2V
G2i 7 : s→ u BM T ⋆ #2ir22M r2HH@TQBMi2/ bT�+2bX h?2 7QHHQrBM;
b2[m2M+2 Bb +Q@2t�+i BM ?T ⋆

s !! u !! *⋆7 !! Σs !! Σu !! Σ*⋆7 !! Σ2s !! · · · .
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2KK�
G2i 7 : �→ s #2 � +Q}#`�iBQM #2ir22M r2HH@TQBMi2/ bT�+2bX h?2M
i?2 M�im`�H 2K#2//BM;

*⋆(�)→ *⋆7

Bb � +Q}#`�iBQMX

S`QQ7X
h?Bb 7QHHQrb 7`QK i?2 Tmb?@Qmi /B�;`�K

�
7
""

!! *⋆(�)

""
s D !! *⋆7
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G2i 7 : �→ s #2 � +Q}#`�iBQM #2ir22M r2HH@TQBMi2/ bT�+2bX h?2M
i?2 M�im`�H K�T

¯̀ : *⋆7 → s/�
Bb � ?QKQiQTv 2[mBp�H2M+2X AM Qi?2` rQ`/b- i?2 +Q}#2` Bb ?QKQiQTv
2[mBp�H2Mi iQ i?2 ?QKQiQTv +Q}#2`X

S`QQ7X
aBM+2 *⋆(�)→ *⋆7 Bb � +Q}#`�iBQM �M/ *⋆(�) Bb +QMbi`�+iB#H2- i?2
[mQiB2Mi

*⋆7 → *⋆7/*⋆(�) = s/�
Bb � ?QKQiQTv 2[mBp�H2M+2X



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
G2i B : �→ s #2 � +Q}#`�iBQM #2ir22M r2HH@TQBMi2/ bT�+2bX h?2
7QHHQrBM; b2[m2M+2 Bb +Q@2t�+i BM ?T ⋆

� !! s !! s/� !! Σ� !! Σs !! Σ(s/�) !! Σ2� !! · · · .


